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The B-factories have measured CP asymmetries in the r ttKsv and D Ksn modes. The 
Ks state is identified by its decay to two pions at a time that is close to the Ks hfetime. Within the 
Standard Model and many of its extensions, the asymmetries in these modes come from CP violation 
m mixing. We emphasize that the interference between the amplitudes of intermediate Ks 

and Kl is as important as the pure Ks amplitude. Consequently, the measured asymmetries depend 
on the times over which the relevant decay rates are integrated and on features of the experiment. 



Introduction. The BaBar collaboration has recently 
announced a measurement of the CP asymmetry in the 
T — > ttKsVt decay 



A, 



_ r(r+ TT+Ksvr) - Tij- n-Ksiyr) 
" r(T+ -> TT+KsDr) + r(r- ^ n-Ksi^r) 
= (-4.5 ±2.4 ±1.1) X 10-^. (1) 



(See jj| for related measurements.) The BaBar [1, 0], 
BELLE [3, CLEO [1, 0] and FOCUS collaborations 
have measured the CP asymmetry in the D — ^ ttKs de- 
cay: 



An = 



_ r{D+ Ks-K+) - T{D- Ksn- 



T{D+ Kst:+) + T{D- Kstt-) 
(-5.4± 1.4) X 10"^ (2) 



where the numerical value is an average over the four 
measurements. 

Assuming that direct CP violation in the t or D decay 
plays a negligible role, as is the case in the Standard 
Model and many of its extensions, then the asymmetries 
([!]) and ([2]) arise from CP violation in K^ — K mixing 
lllj . It is important then to realize two facts: 

1. The r+ (t^) decay produces initially a {K^) 
state, while the {D~) decay produces initially 
a K {K^) state. (The color and doubly Cabibbo 
suppressed D+ K^n^ decay amplitude can be 
safely neglected.) 

2. The intermediate Ks-state is not directly observed 
in the experiments. It is defined via a final tt+tt^ 
state with TO^,r ~ and a time difference be- 
tween the T or D decay and the K decay t « rg, 
where ts is the Ks lifetime. 

Thus, in the absence of direct CP violation, the asym- 
metries depend on the integrated decay times, and we 



have 

Arih,t2) 
Ae{h,t2) 



-AD{tl,t2 

r*2 J4.r-n^ Ty-O 



AeihM 



(3) 



jll dt[T{K^(t) ^ nn) - T{K-(t) ^ nn)] 
f^l dt[T{KO{t) vrvr) + T(K°{t) ^ tttt)] ' 



where K'^{t) {K {t}) is a time-evolved initially-pure 
K°(k"). The fact that Ar{ti,t2) and ^£,(^1,^2) are 
predicted to have opposite signs, while the experimental 
measurements ([1]) and ^ carry the same sign is intrigu- 
ing. The naive expectation that A^ — —A]j is excluded 
at 3.3a. 

In this work, we derive an explicit expression for the 
Ae{ti,t2) asymmetry and its dependence on the experi- 
mentally known mixing parameters e and Am. In doing 
so, we correct for sign mistakes made in previous litera- 
ture. We argue that the theoretical prediction depends 
on ti, t2 and on details of the experiment. Until these 
subtleties are taken into consideration, it is difficult to 
asses the significance oi At ^ —Ad- 

The experimental parameters. The two neutral 
ii'-meson mass eigenstates, \Ks) of mass ms and width 
Ts and \Kl) of mass tol and width P^, are linear com- 
binations of the interaction eigenstates \K^) (with quark 



content sd) and \K ) (with quark content sd): 

\Ks.l) =p\K^)±q\lf). 



(4) 



The average and the difference in mass and width are 
given by 



ms + ruL 



r = 



2 ' 2 ' 

Am = rriL - ms, AP = P^ - Ps, 

_ Am _ AP 

x = —, y = ^- 

The decay amplitudes into a final state tttt are defined as 



(5) 



As.L = 



^\n\K, 



S,L/ 



(6) 



2 



The relevant CP violating parameters are defined as 



R 



\P\' 



27^e(e), 



As 



(7) 



ipr + 191 

where in the first approximation we neglected a correc- 
tion of relative order |ep, and in the second a correction 
of relative order e'/e. We obtain: 



T^^it) EE T{K°it) ^ tttt) 



-ret 



(8) 

27^e(e'^™*-^*e*)) 



f^^it) = T{K (t) ^ tttt) 



,-rst 



A\q\ 



For the difference and the sum of these rates, we obtain 



N 



N 



(9) 



N 



where 



+2e 



e - -" -I- \e\^e' 
" (7^e(e) cos(Amt) 4- Im(e) sin(Amt)) 



N 



(10) 



47^e(e)e^ 



X (7^e(e) cos(Ami) -|- Im(e) sin(Amt)) , 



N=\As\ 



:\P\' 



4|pP|g|: 



(11) 



For the sum STmit) of Eq. pUj) . the interference (and 
the pure -ftT^) terms are suppressed by 0{e^) compared 
to the pure Ks term. For the difference Djr7r(i) of Eq. 

however, this is not the case. The ratio between the 
second (interference) and first (non-interference) terms 
in D^^{t), 



-rt 



^cos(Ami) 



1^ sin(Amt) 



g-rs* -I- |g|2g-rit 



(12) 



is plotted in Fig. [T] as a function of time. In the figure 
we can observe the following features: 

1. Even at very early times, the interference term is 
not negligible compared to the pure Ks term. For 
example, at i = 0, i? = — 1. 

2. In the approximations [good to 0(5%)] that 
TZe{e) ~ Im{e) and x ~ —y, the ratio changes 
sign when tan[i(t/T5)] = —1, namely t/rs — 
37r/2-F 2n7r (n = 0, 1,2, . . .). 

3. For times early enough that the pure term can 
be neglected {t ^ 12rs), R reaches a minimum at 
t/rs ~ TT, i? ~ — e'^/^, and a maximum at t/rs ^ 




t 
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t 
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FIG. 1: The ratio R defined in Eq. p2p as a function of time 
in units of rs. In the lower plot we zoom into short times. 



Since the CP asymmetry depends on the time at which 
the kaon decays, the final measurement is sensitive to the 
experimental cuts. To incorporate these cuts, we need to 
take into account not only the eflSciency as a function 
of the kaon decay time, but also the kaon energy in the 
lab frame to account for time dilation. We parametrize 
all of these experiment-dependent effects by a function 
F{t) such that t is the time in the kaon rest frame and 
< F{t) < 1. We emphasize that this function must 
be determined as part of the experimental analysis. The 
experimentally measured asymmetry is thus given by the 
convolution of the bare asymmetry with F: 



F{t)D^,{t)dt 
j;^ F{t)S^^it)dt 



(13) 



While we do not have the function F{t), it is reasonable 
to approximate it by a double step function. 



Fit) 



1 h <t <t2 

otherwise. 



(14) 



In this case the experimentally measured asymmetry, 
defined in Eq. p^ . coincides with the theoretical one, 
Ae{ti,t2) defined in Eq. When t2 <C tl, we can 
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FIG. 2: A,{ti,t2) given in Eq. ^ in units of [27^e(e)] as a 
function of ti/rs for t2 = Wts- 
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FIG. 3; A,{ti,t2) given in Eq. ^ in units of [27^e(e)] as a 
function of I^Its for = O.Irs. 



safely neglect terms of ©(e^): 

^(^l,^2) = -27^e(e) (15) 
rt2 j,„-rt (^cos(Amt) + ^^g) sin(Amt)^ 



Neglecting direct CP violation, we can use the model 
independent relation [l2| 



Im(e) 



V 



(16) 



to obtain 



A,(^l,^2) = -27^e(e)[l (17) 
2(1 - ly) e"""*! cos(Amii) - e""^ cos(Ami2) 



2(x + a:/y)e sin(ATOti) ~ e sin(Ami2 



rs*2 
rt2 



1 + x2 



-rsti 



-rst2 



A particularly simple result arises when t\ <^ ts and 
TS t2 <^ tl, so that we can take e~'"^*^ — 1, e^'"^*^ — 
0, and cos(ATOii) = 1. In addition we use y ~ —1, and 
obtain 

Aih < Ts,Ts < t2 < tl) = +27^e(e) « +3.3 x 10~^ 

(18) 

where in the last step we used the experimental value. 
In Figs. [2] and [3] we investigate the dependence of 
Ae{ti,t2) on the choice of ti and t2. In Fig. [2] we plot 
Ae{ti,t2)/{2TZe{ej) as a function of t2 for ti = T5/IO. In 
Fig. [3] we plot A^{ti,t2)/{2TZe{e)) as a function of for 
t2 = lOrg. We emphasize the following points: 

1. For t2 large enough that the e~'"*^ term is negligi- 
ble, and for ti/rs ^ 1, we have 



ASuh) ~ +27^e(e)(l + ^l/Ts). 



(19) 



This linear rise with ti , which can be clearly seen in 
Fig. [21 is a result of "losing" a fraction ti/rg of the 
time independent pure Ks term in the asymmetry. 



2. For tl fixed and small, reaches a maximum 
at around t2 = {3tt/2)ts, and then, for higher 
t2, converges to its asymptotic value of Eq. (fT9|) . 
These features can be clearly seen in Fig. [3l The 
maximum is enhanced by a factor of about (1 + 
A/2exp(— 37r/4)) w 1.13 compared to the asymp- 
totic value. 

Let us comment on previous relevant literature. The 
idea to measure the CP asymmetry of Eq. ([T]) was first 
made in Ref. Q. In this beautiful work, the importance 
of the interference term in restoring the CPT constraint 
is explained. Indeed, the BaBar paper [H compare their 
measurement to the prediction given in Eq. (7) of Ref. 
0. We note, however, that both Eq. (6) and Eq. (7) of 
Ref. @ have a sign mistake: Both the "pure if/," term 
and the "pure Ks" terms give |gp — |pp ~ —2TZe{e). 
Yet, when the interference term is taken into account, it 
approximately reverses the sign of the pure Ks result. 
Correcting the sign of Eq. (7) in and taking into 
account the interference term combine to approximately 
reproduce the numerical prediction quoted in this equa- 
tion. Further analysis of this asymmetry is given in Ref. 
[lo| . Here the fact that the interference term practically 
reverses the sign of the "pure Ks" asymmetry is nicely 
pointed out, yet several sign mistakes lead to a wrong 
sign in the final prediction, see their Eq. (14). The idea 
to measure the CP asymmetry of Eq. ^ was first made 
in Ref. [ll|. The interference term is not discussed in 
this work. 

Conclusions. CP asymmetries of 0(10^^) in the 
— TT^Ksf and — > tt^Ks decays are predicted 
within the Standard Model as a result of CP violation 
in K'^ — K mixing. A violation of the SM predictions 
would imply direct CP violation in r and/or D decays. 

The kaon is identified via final two pions with invariant 
mass TOtttt ~ rriK and decay time t ~ rs. In the total de- 
cay rate, the contribution of intermediate Ks is strongly 
dominant. In the CP asymmetry, however, the K^ — Ks 
interference term is as important as the pure Ks term. 
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As a consequence of this situation, the asymmetry de- 
pends sensitively on the decay time interval over which it 
is measured, and on details of the experiment. The exact 
SM prediction can be obtained only if the relevant ex- 
perimental features are taken into consideration. Gener- 
ically, we expect the measured asymmetry to be opposite 
in sign and larger in magnitude than the asymmetry that 
would arise from the pure Ks contribution. 

While we focused here on only the two specific exam- 
ples of D and r decays, the analysis above applies to any 
measurement of a CP asymmetry that involves Ks in the 
final state. In particular, similar effects should eventually 
be taken into account in the determination of the angle 
7 of the unitarity triangle based on i? — DK decays, 
if the kaon is identified as a Kg [3] or if the D decays 
into a final state with a Ks such as with the Dalitz de- 
cay D — T' 'n:^'K~ Ks Another case where the effect 
should eventually be included is in the determination of 
D ^ D mixing using D decays into Ks- In this case our 
formalism cannot be directly applied, because at i = 
the kaon state is not a pure (or X"), and adjustment 
to such cases is needed. 

The measured asymmetry in D decay seems very con- 
sistent with the SM prediction, while the measured asym- 
metry in T decay seems different from the SM prediction 
by at least Scr. In view of the potential implications for 
new, CP violating physics, we urge the experimenters to 
take into account the subtleties that we point out, and 
provide not only the measured value of the asymmetry, 
but also the theoretical prediction which depends on spe- 
cific experimental features. 
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